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. INTRODUCTION

Analysis is a one of the most interesting research field of mathematics because of its wide area in applications.
Metric spaces are playing an important role in mathematics and the applied sciences. Fixed point in metric spaceisa
fundamental tool to solve various problems in applied sciences. Generalization of metric spaces is also interesting
and attraction of various mathematicians. 1n 2003, Mustafa and Sims [1] introduced a more appropriate and robust
notion of a generalized metric space known as G-metric space and prove a fixed point theorem in this space. After
the notion of G-metric spaces, there are several interesting results are published by various mathematicians [2-7].
Our aim of this article is to present a fixed point theorem in G-metric space satisfying a new rational contractive
condition. Our presented results are a generalization of various known results.

This article is divided into four sections. First section of this article contain brief introduction of our presented
results. Second section of this article is Preliminaries in which contains some known definitions and propositions
which are related to prove of our results. Third section of this article is Main results in which we give and prove our
main results. Fourth section is Conclusion part of this article.

. PRELIMINARIES

In this section we give some known definitions and results which are helpful to prove of our main theorem.
Definition 2.1: Let X be anonempty set and let G: X x X x X - R* be afunction satisfying the following axioms:
(G1)G(x,y,z) =0ifx=y =z

(G2)G(x,x,y) > 0foradl x,y Xwithxzy

(G3)G(x,x,¥) < G(x,y,2) foral x,y,z Xwithy # z

(G4)G(x,y,2) = G(x,2,¥) = G(Y,z,Xx) (Symmetry in all three variables)

(G5)G(x,y,z) = G(x,a,a) + G(a,y,2) for al x,y,z,a € X (Rectangle inequality)

Then the function G is called a generalized metric or G-meetric on X and (X, G) is called a G-metric space.
Definition 2.2 Let (x, G) be a G-metric space, let {x,}be a sequence of points of X, apoint x X is said to the limit
of the sequence {x,}, if lim,_,., G(x, X,, Xn) = 0. Then {x,} is G-convergent to X.

Proposition 2.3: Let (X, G) be a G-metric space, then for any x,y,z,a X, it follows that

(i) ifG(x,y,z)=0thenx=y =2z

(i) G(x,y, 2) < G(X, X, ¥) + G(X, X, 2)

(i) G(x, y, y) < 2G(Y, X, X)

(iv) G(x,y,2) < G(X,a2) +G(aY, 2)

(V) G(x, y, 2)= 23 (G(x,y, @) + G(x, & 2) + G(a, Y, 2))

(V) G(x,y,2) < G(x, a a) +G(Y, a, a) +G(z, a a)).

Proposition 2.4: Let (X, G) be a G-metric space, then for a sequence {x,} ¢ Xand apoint x X. The following are
equivalent

(i) {xn} is G-convergent tox.

(i) G(xXp, X, X) » 0asn - oo

(i) G(x,, x,x) > 0asn - oo
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(iv) G(Xpm, %Xp, X) > 0asm,n - oo,

Definition 2.5: Let (X,G) be a G-metric space, then the sequence {x,}is said to be G-Cauchy if for every € >
0 there exists a positive integer N such that G(X,, X, x;) < € foral n,m,1 = Ni.e G(X,, X, X)) = 0Oasn,m,| -
o,

Definition 2.6: A G-metric space (X,G) is said to be G-complete if every G-Cauchy sequence in(X,G) is G-
convergent in(X, G).

Proposition 2.7: Let (X, G), (X', G") be G-metric spaces, then afunction f: X - X' is G-continuous at apoint x  Xif
and only if it is G-sequentially continuous at x i.e. whenever {x,} is G-convergent to x, {f(x,)} is G-convergent
to f(x).

[1l.MAIN RESULTS
Our main results of this article are asfollows.
Theorem 3.1: Let (X, G) be acomplete G-Metric space and T be a self —map on X satisfying,

G(x, Ty, Ty)+G(x.Tz,Tz)
2

G(Tx, Ty, Tz) < a

+ B G(x, Ty, Ty)[G(x, Ty, Ty)+G(x,Tz, Tz)+G(y, Tx, Tx)+G(z,Tx,Tx)]
2[G(x, Ty, Ty)+G(y, Tx,Tx)]

(3.1.1)

Foral x,y,ze X,where0 < (a+p) < % Then T has aunique fixed point u and T is G-continuous at u.
Proof : Letx, X and defined the sequence {x,} by
TXO = Xl, TXl = Xz, TXZ = X3 PO e TXn = Xl'l+1

G(Xn' Xn+1s Xn+1) = G(Txn—l' Txn' Txu)

o G(xn-1.T%n TXp) +G(Xn—1.T%Xn.TXp)

1A

2
+B Gln—1,T%n, Txn )G (¥n—1,Txn, Txn )+ Gxn—1,Txn, Txn) +G(Xn, T¥n—1,Txn—1)+G(xn, Txn-1,TXn-1)]
2[G(xXp—1.,Txp, Txp)+G(%p, TRy -1, Txn-1)]
<a G(¥n—1.Xn+1.%n+1)+G(Xn—1.3¥n+1.Xn+1)

2

+B G(¥p—1.¥n41.%n+1 )‘G(Xn—‘lnxn +1.Xn+1)+G(Xn—1.Xn41.Xn4+1)+G(¥n,%0.%0) +G(Xn.%0.%0)]

2[G(xp—1.Xn+1.Xn+1)+G(XnXnXn)]

< aG(Xp—1, Xn+1, Xn+1) + BG(Xn-1, Xn4+1, Xn+1)

(1 —a- B)G(Xnaxn+l-xn+l) = (D.’ + B)G(Xn—l:xn: Xn)

(a+p)
(1-a-pB)

G(xn'xn+11xn+1) = G(Xn—l’xn'xn)

LetK = P
(1-a=p)

G(Xn'xn+1JXn+1) = KG(Xn—erntXn) (312)
On further decomposing we car write
G(Xn—l’xn'xn) = KG(Xn—Z*xn—lrxn—l) (313)

By combination of (3.1.2) and (3.1.3) we have

G(Xn*xn+1l Xn+1) = KZG(Xn—Z» Xn-1, Xn—l)
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On continuing this process n times
G(Xn, Xn+1, Xns1) = K"G(Xo, X1, X1)

Thenforaln,m N,n <m we have
G(Xn'xmrxm) = G(Xn'xn+1'xn+l) + G(Xn+1’xn+21 Xn+2:'+'-- +G(Xm—l’xmrxm)

< (K" 4+ K 4 e+ K™THG(Xg, X, %)
K[l
S EG(XG’X].’ Xl)

Therefore {x,} is G-Cauchy sequence, hence G-convergent, since X is G-complete metric space so {x,} is G-
convergesto u.
Form (3.1.1) we have

G(%p, Tu, Tu) = G(Tx,-1, Tu, Tu)

o G(Xp—1.Tu,Tu)+G(Xp—1,Tu,Tu)
2

<

+B G(xp—1,Tu, Tu[G(xp—1, T Tu)+Glxn -1, Tu,Tu)+G (U Txp -1, TXn-1)+G(u,TXp—1,TXn_1)]
2[G(¥p—1,TuTw+G(u,Txn—1,Txp—1)]

<a G(%p—1,Tu,Tu)+G(xy—1,Tu,Tu)

2
+B G(¥%p—1,TuTu)[G(xp—1,Tu,Tu)+Gxy—1, Tu, T +G(u,xn,%n ) +G(u,xn,xn)]
2[G(xp—1.Tu,Tu)+G(u,xp.%n)]

Taking the limit of both sides of aboveasn - o yields
G(u, Tu, Tu) < (a + B)G(u, Tu, Tu)

This contradiction impliesthat u = Tu.
To prove uniqueness, suppose that u and v are two fixed point for T . Then
G(u,v,v) = G(Tu, Tv, Tv)

G(u,Tv,Tv)+G(u,Tv,Tv) + B G{u,Tv, Tv][G{u,Tv,Tv)+G{u,Tv,Tv)+ G(v,Tu, Tu)+G(v,Tu,Tu)]
2 2[G{u,Tv, Tv)+G(v,Tu,Tu)]

G(u,v,v) = aG(u,v,v) + BG(u,v,v)
G(u,v,v) < (a +B)G(u,v,v)
G(u,v,v) =0
u=v
To show that T is G-continuous at u.
Let {y,} be asequences converges to u in (X, G) then we can deduce that

G(U, Tyn, Ty,) = G(Tu, Tyy, Ty,)

<« G(u,Tyn,Tyn)+G(u,’I‘yn,TyL)
2

G(u,Tyn, Tyn)[G(w, Ty, Tyn)+G(u,Tyn, Tyn) +G(yn Tu, Tu)+G(yn, Tu,Tu)]
2[G(u, Ty, Tyn)+G(yn, Tu,Tul]

+B

G(u, Tyy, Ty,) < (@ + B)G(u, Tyy, Tyy,)
[1 - (o +B)IG(u, Ty, Ty,) <0
G(u, Ty,, Ty,) <0

Taking the limit as n - o from which we see that G(u, Ty,, Ty,) - 0 and so, by proposition (2.4) we have that
the sequence Ty,, is G — convergent to Tu = u therefore proposition (2.7) impliesthat T is G-continuous at u.
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Theorem 3.2; Let (X, G) be complete G-metric space and let T: X . X be amapping satisfying the condition
G(Tx, Ty, Tz) < a min{G(x, Tx, Tx), G(y, Ty, Ty), G(z, Tz, Tz), G(X, ¥, 2)}

G(x,Tx,Tx)+G(y, Tx, Tx)+G(x,Ty,Ty)
+
B [l+G(x,Tx.Tx] G(y, Tx,Tx) G(x, Ty, Ty} (321)

Foral x,y,z¢ X Wherea,3,= 0 and o + 33 < 1 Then T has unique fixed point u and T is G-continuous at u.
Proof: Letx, X bean arbitrary point and define the sequence {x,} by x,, = T"x, then by condition

G(Xp, Xp+1,Xn+1) = G(TXn—1, TXn, TXy)

G(Xp-1, Txp—1, TXp_1), G(xp, Txy, Txn)-}

< amin {
G(Xp, TXn, TXp )y G(X—1, Xp, X )

G(%p-1,Txn-1,TXp-1)+G(xp Txp-1,TXn—1)+G(xn -1, Txn,Txpn)
1+G(xp-1,TXn-1.Txn-1) G(xp. TXp-1,TXn-1) Glxn—1,T%n,Txpn)

+B|

G(Xn-ll Xn» xn)» G(xm Xn+1s Xn+1)r}

< amin {
G(Xn, Xn+1, Xn+1)s G(Xn—1, Xn, Xp)

+B [G(xn—1-Xn#n]+G(Xn-xn-"n)+G(xn—-laxn+1"(n+'l)
1+G(xp—1,Xn%n) G(nXnXn) G(Xn-1%n+1.Xn+1)

< amin{G(Xy_1, Xn, Xn), G(Xp, Xn41,Xn41)}
+BIG(Xn-1, Xn, Xn) + G(Xn—1, Xn+1, Xn+1)] (322
Here two cases are arise
Case— 1 : If Min{G(Xp_1, Xn, Xp), 6(Xp, Xpt 1 Xn+1) = C(Xp—1, Xn Xp)
Then condition (3.2.2) reduces to
G(Xn Xn+1, Xn+1) < AG(Xn—1, Xn, Xn) + BIG(Xn-1,Xn, Xn) + G(Xn—1, Xn+1, Xn+1)]

(1 - B)G(Xn:xn+l:xn+1) = (OI + EB)G(Xn-lxxn'Xn)

(c+2P)
a-p

G(Xn'xn+1JXn+1) = G(Xn—l’xn'xn)

Letk = &20
a-p)
G(Xn*xn+11 xn+1) = KG(Xn—l’ Xn» Xn)

On continuing this process n times
G(Xn: Xn+1s xn+1) < ]{nG(XO, X1 xl)

Case~ Il : If min{G(X,_1, Xy, Xn), 6(Xp, Xn 41, Xn41)} = G(Xny Xn41) Xn41)
Then condition (3.2.2) reduces to

G(Xn, Xn+1, Xn+1) < 0G(Xp, Xp41, Xn+1) + BIG(Xn-1, Xn, Xn) + G(Xn-1, Xn+1, Xn+1)]
(1 —a-— B)G(anxrwl' xn+1) < ZB G(Xn—l'xn'xn)

G(Xn'xn+1JXn+1) = G(xn—l’xn'xn)

(1-a—p)

—_ 2B
LetK= —ah)

G(Xn*xn+11 xn+1) = KG(Xn—l’ Xn» Xn)
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On continuing this process n times
G(Xn, Xn+1: Xns1) = K"G(Xg, X1, %1)
Thenforallnnm N, n < m we have
G(Xn) Xmy Xm) = G(Xp, Xn+1, Xn+1) + GC(Xns1s Xnt2,Xn42) ++ .. F6(Xm—1, Xm, Xm)

S (Kl‘l + Kl‘l+1 + TR e + Km_l)G(Xc,xl, Xl)
Kn
S EG(XG’X].’ Xl)

Therefore {x,} is G- Cauchy sequence, Hence G-convergent, since X is
G-complete metric space so X is G-convergesto u.

Form (3.2.1) we have
G(u, Tu, Tu) = G(X,, Tu, Tu) = G(Tx,_1, Tu, Tu)

< amin{G(x;_1, T¥n_1, TXy—1), G(1, Tu, Tu), G(u, Ty, Tu), G(X,_1, u, u)}

G(xp—1.T%p—1,Txp—1)+G(u,Txp -1, Txp 1) +G(Xp-1.Tu,Tu)
14+G(xp—1,T¥n—1,T¥n—1) G(u,Txp_1,Txp—1) G(Xn—1,Tu,Tul

+[3[

< amin{G(x,_1, Xp, Xp), G(u, Tu, Tu), G(uU, Tu, Tu), G(Xp—1, u, U)}

B G(Xp—1.%nXn)+G(u,xpXp)+G(Xn-1,Tu,Tu)
14+G(%n—1,%n.%n) G{uxn%n) G(xp—1,Tu,Tu)

Taking the limit astaking thelimitasn - o
G(u, Tu, Tu) < BG(u, Tu, Tu)

Since < 1.
Which impliesthat G(u, Tu,Tu) =0

And henceu=Tu.
To prove uniqueness suppose that u and v are two fixed point for T.

Then
G(u,v,v) = G(Tu, Tv, Tv)
< amin{G(u, Tu, Tu), G(v, Tv, Tv), G(v, Tv, Tv), G(u, v, v)}
+B [ cam aemam cerera) < PO
G(u,v,v) < 2BG(u,v,Vv) acontradiction. Therefore, G(u,v,v) = 0.
Henceu=v

Let {y,} ¢ X beany sequence with limit u

Using (3.2.1)
G(u, Tyn, Ty,) = G(Tur_TanTYn)
< amin{G(u, Ty, Tu), G(¥n, T¥n, TYn), G&ns TYn, TYn), 6(U, V1, )}

B [G (u,Tu, Tw)+G(yn Tu, Tu)+G(u, Tyn, Tyn)
1+ G, Tu, Tu)G(yn, Ty, Tu)G(u, Ty, Tyn)

< B[G(yp, u,u) + G(u, Tyy, Ty,)]

G(U, Ty, Tyn) < 125 Gy u, 1)
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Taking the limit as n - c from which we see that G(u, Ty, Ty,) - 0 and so, by proposition (2.4) we have that
the sequence Ty, is G — convergent to Tu = u therefore proposition (2.7) impliesthat T is G-continuous at u.

Theorem 3.3 : Let (X, G) be acomplete G- Metric space and let T be a self-map on X satisfying,

G(Tx, Ty, Tz) < aG(x,y,z) + BIG(x, Ty, Ty) + G(x, Tz, Tz)]

4y GGy 214G Ty Ty)] +5 [G(x Ty, Ty).G(y. Ty, Ty) ] (3.3.2)
1+G(x,Tz,Tz) G(z, Ty, Ty]

For al x,y,z in X withG(z, Ty, Ty) # 0 Where o, 3,y,0 =0anda + 4B +y+ 20 <1
Proof : Letx, X and define the sequence {x,} by
TXg = %1, TXy = Xg, e vev oo, TXp = Xpgq
Here we may assume that x,, # X1
Consider,
G(Xn Xn4+1, Xn41) = G(TXp—q, TXy, TXy)
< aG(Xn_1, Xn, Xn) + BIG(Xp—1, TXp, TXn) + G(xp_1, TXp, TXn )]

+y

G(%n—1%nXp ) [1+G(Xn—1,Txn,Txp)] 5 [G(Xn—-lJTxanxn)-G{xn:TXn-TXn) ]
14G(Xp-1,TxnTxn) G(xn, Txp, Txp)

< 0G(Xp-1,Xn, Xp) + BIGKn-1,Xn+1, Xn41) + G(Xp_1, Xns1, Xn+1)]

Ty

G(xn—1.XnXn)[1+G(Xn-~1.Xn+1.Xn41)] + 5 [G(Xn—l:xn+1rxn+'l)-G(Xn-xn+1nxn+1)
1+G(Xn—1.Xp+1Xn+1) G(¥nXn+1.Xn+1)

= GG(Xn—l’XntXn) + ZBG(Xn—l'XrHlerHl) +YG(XD—11 Xn'xn) ag 6G(Xn—l’:'}{r1+11)(r|+1)I
< 0G(Xp—1, Xp, Xn) + 2B[C(Xp—1, Xp, Xp) + G(Xp, Xp41, Xns1)]
+YG(Xn—l’ Xn'xn) ag 6[G(Xn—1l Xn» Xn) + G(Xntxn+1l Xn+1)]

(1 - ZB - 6)G(Xn':’(n+11 Xn+1) < (0‘. + ZB +vy+ S)G(xn-l’ xntxn)

a+2B+y+8

1-2p-6 G(Xn 1 X X n)

a+2f+y+8

Let 1-2p3-8

=K

G(Xn, Xn+1, Xn41) S KG(Xn-1, Xy, Xp)

On continuing this process n times
C(Xn) Xnt1, Xn+1) = K'G(Xg, X1, %)
Then for all m,n € N,n < m we have

G(Xn Xm» Xm) < Gy X415 Xn41) + GXpg 1 Xnszs Xnaz) +o oo F6(Ximo1, Xy Xim)
S (Kh + K]‘H’l + T e + Km_l)G(Xc,Xl, Xl)
Kn
= EG(XG'XI’XI)

Therefore {x,} is G- Cauchy sequence, Hence G-convergent, since X is G-complete metric space so Xis G-
convergesto u.
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Form (3.3.1) we have
G(xp, Tu, Tu) = G(Tx,—4, Tu, Tu)
< aG(x,_1,u,u) + BIG(x,-1, Tu, Tu) + G(x,_1, Tu, Tu)]

G(xp—1.0u)[14+G(xp— 1, TuTu)} +3 [G(xn_-|,'I‘u,'l‘u).(i(u.Tu.Tu] ]
1+G(xp—1,Tu,Tu) G(u,Tu,Tu)

+y

Taking the limit astaking thelimitasn - o
G(u, Tu, Tu) < (2B + d)G(u, Tu, Tu)

Since(2B+9d) <1
G(u, Tu,Tu)=0
And henceu = Tu
To prove unigueness suppose that u and v are two fixed point for T.
Then
G(u,v,v) = G(Tu, Tv, Tv)

< aG(u,v,v) + B[G(u, Tv, Tv) + G(u, Tv, Tv)]

+

G(u,v,v)[14+G(u, Tv,Tv]] 6[G(uTvlv)h(v FvTv]]
14+G(u,Tv,Tv) G(v,Tv,Tv

G(u,v,v) < (a+ 2B +y+0)G(u,v,v)
Since(a+2B+y+08) <1
G(u,v,v) =0
Let {y,} be asequences converges to u in (X, G) then we can deduce that
G(U, Tyn, Tyn) = G(Tu, Ty,, Ty,)

< aG(U, Yy, ¥n) + BIG(u, Typ, Ty,) + G(u, Tyy, Ty,)]

+ Gluyn yn)[1+G(u,Tyn.Tyy)] +5 [G(U-TYH Tyn).Glyn Tyn.Tyn) ]
1+G(u, Tyn, Tyn) G(yn.Tyn.Tyn)

= G(U, Tyn, Ty,) < G(u, yn, ¥n)

[1- (26+le
Taking the limit as n - oo from which we see that G(u, Ty, Ty,) - 0 and so, by proposition (2.4) we have that
the sequence Ty,, is G — convergent to Tu = u therefore proposition (2.7) impliesthat T is G- continuous at u.

CONCLUSION

In the above proved theorems we use a continuous self mapping in G-metric space and prove fixed point. We also
use the concept of symmetric rational contraction mapping to prove of the theorem.
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